In the current situation of the energy crisis, the mining industry has been identified as a promising area for application of demand side management (DSM) techniques. This paper investigates the potential for energy-cost savings and actual energy savings, by implementation of variable speed drives to ventilation fans in underground mines. In particular, ventilation on demand is considered in the study, i.e., air volume is adjusted according to the demand at varying times. Two DSM strategies, energy efficiency (EE) and load management (LM), are formulated and analysed. By modelling the network with the aid of Kirchhoff's laws and Tellegen's theorem, a nonlinear constrained minimization model is developed, with the objective of achieving EE. The model is also made to adhere to the fan laws, such that the fan power at its operating points is found to achieve realistic results. LM is achieved by finding the optimal starting time of the mining schedule, according to the time of use (TOU) tariff. A case study is shown to demonstrate the effects of the optimization model. The study suggests that by combining load shifting and energy efficiency techniques, an annual energy saving of 2 540 035 kWh is possible, leading to an annual cost saving of 2 670 705 South African Rand.
Introduction
Demand side management (DSM) programmes are introduced around the world as an effective and quick solution to the ever increasing energy concerns. These programmes seek to reduce the gap between power supply and demand broadly by energy efficiency improvement, energy conservation interventions, fuel switching, load expansion and self-generation, among which energy efficiency (EE) and load management (LM) are the most popularly used methods in the industrial sector [1] . The LM approach aims to reduce electricity demand at peak periods by giving monetary incentive to shift load to off-peak periods, e.g., in the form of the time of use (TOU) tariff or demand response [2, 3] . The EE approach aims to reduce overall electricity consumption by installing energy efficient equipment and/or optimizing industrial processes, e.g., by making use of variable speed drives (VSDs).
DSM techniques are applied in various industries as can be found in literature. Some applications consider load shifting by finding the optimal switching times of equipment or processes according to the TOU tariff, e.g., controlling conveyor belts [4, 5] , pumps [6, 7] , geysers [8] and equipment that form part of a batch process [9] . These examples show significant cost saving compared to the baseline case, but actual energy saving is very little because the objective is focused on load shifting from peak periods. Considerable attention has also been drawn to EE improvement of industrial processes by the application of VSDs. In particular, the application of VSDs to fans and pumps have been studied [10, 11, 12] , reasons being that VSDs offer more energy saving than a simple switching strategy [5, 10] and a small reduction in the speed can result in large energy savings [13, 14, 15] . However, these examples don't consider LM under the TOU tariff in order to shift load from peak time. Thus very few cases consider obtaining energy saving and peak load shifting with application of DSM techniques, simultaneously [16] . In particular, little evidence is found of application of VSDs to achieve both LM and EE in mining ventilation networks.
It is known that the industrial sector consumes about 37% of the world's total delivered energy, and out of this, the mining industry contributes about 9% [17] . Mine ventilation is crucial for safety reasons, because it is responsible for clearing out noxious and flammable gasses; and also provides a comfortable working environment underground. The rating of the fans that provide ventilation, depending on its use, can range from 100 kW [18, 19] to about 3000 kW [20, 21] . Thus, contribution by the ventilation fans towards the total power consumption is quite significant. Research suggests that, depending on the type of mine, up to 40% [22] of the total electricity used, and up to 60% [23] of mining operating cost can be attributed to ventilation underground.
Existing studies on mine ventilation networks vary in objectives. Some consider making use of computer programmes in conjunction with survey data to model the changes in the structures of the ventilation network to achieve safe and economic solutions [24, 25] . These cases do not consider LM or EE in any way. Other studies are performed with the objective of running the ventilation system more efficiently to reduce costs, e.g., in [21] a review is done at the beginning of every week to determine which levels will be inactive for the next week, such that the auxiliary fans in those levels can be switched off. This study considers EE but not by application of VSDs. Optimization techniques are sometimes employed, e.g., [26, 27] discuss the use of nonlinear programming methods to find the optimal flow rates in the branches such that the the rating of the fan, required to supply the network, is minimized; [28] shows the use of genetic algorithms (GA) to decide on the optimum number, location, and size of booster fans/regulators in the network; [20] makes use of mixed integer programming (MIP) to find the optimal angles of the auxiliary fan blades, in order to match the varying flow rates throughout the different stages in a mine. These studies are all performed with the objective of minimizing energy consumption and/or related costs, but there is no consideration for the TOU or the application of VSDs. The only studies that consider using VSDs to vary ventilation fan speeds in underground mining are presented in [19, 29, 30] . These studies explore the concept of ventilation on demand (VOD). The idea is to allow variable air flow by adjusting the speed of the fan over time (based on the demand), as opposed to running them at full capacity at all times. These studies perform EE measures, but there is no consideration for shifting load from peak times and the TOU tariff. Another limitation to those researches is that only auxiliary fans, instead of the main fan, are selected. This is done because changing the speed of the main fan will affect the entire network and is more complicated to control than the auxiliary fans.
To this end, this research focuses on applying optimization techniques to reduce energy consumption and the corresponding costs of mine ventilation fans. Specifically, energy consumption is minimized by determining an optimal speed profile for the main fan according to VOD. In addition, LM is introduced by optimizing the mine schedule considering the TOU tariff such that further energy cost reduction can be achieved for the mine. The ventilation network is first mathematically modelled by extending the work shown in [26, 27] , whose main feature is modelling the network using Kirchhoff's current and voltage law. Then, the optimal schedule of a set of given mining processes is found by solving an optimization problem formulated. Thereafter, the fan speed optimization problem is solved to determine the optimal fan speed profile throughout the mining processes that matches the VOD and reduces energy consumption. For the fan speed optimization problem, the fan's operating point is correctly determined by incorporating the fan laws and the network's system curve to get a realistic figure of the savings [16, 31] . A case study is presented to demonstrate and verify the effectiveness of the optimization model built. The results show that by combining load shifting and energy efficiency techniques, an annual energy saving of 2 540 035 kWh is possible, leading to an annual cost saving of R 2 670 705 (R is the sign of South African Rand, the average exchange rate to US dollar in 2013 was $1=R9.64).
The rest of the paper is organized as follows. Section 2 presents the formulation of the ventilation problem. A case study is given in Section 5. Section 6 concludes this study.
Problem formulation
The problem is divided in two parts, EE and LM. For the EE case, the fan speed is adjusted according to the varying demand of air flow rate throughout the day. In the case of the LM, the optimal starting time of the mining schedule is found (according to the TOU tariff) that leads to minimum cost; and then the fan speed is adjusted accordingly.
For either case, the ventilation network needs to be modelled. To help understand the model better, an example of a simple network is presented. A path in a network can be defined as a directed chain from the inlet node to the outlet node. In addition, an assumption is made to simplify the model that says, the airflows in all branches contained in the path must have the same direction. The total number of paths in a network n p is given by n p = n − m + 1, where n is the number of branches and m is the number of nodes. In Fig. 1 , there is 1 fan, 13 branches, 9 nodes, and thus, 5 paths.
Tellegen's theorem states that "the power provided to the system and the power consumed in the network must be equal" [32] . From a ventilation network point of view, it can be concluded that the sum of air power supplied by the fans must be equal to the sum of power losses incurred in the branches of the network.
The analogy of circuit theory is often used in modelling flow distribution networks by comparing the flow rate to current, and the voltages to the pressure [26, 27] . Thus Tellegen's theorem, along with Kirchhoff's laws form the basis to modelling an airflow distribution network.
The adaptation of Kirchhoff's current law is given by
where j is the branch number, n is the total number of branches, Q j is the flow rate of branch j, i is the node number, m is the total number of nodes, B ij is the element of an m × n incidence matrix B = [B ij ] that describes the node-to-branch incidence
1, if flow in branch j enters node i; −1, if flow in branch j leaves node i; 1, if branch j is not incident with node i.
The adaptation of Kirchhoff's voltage law is applied to the paths in this case;
where F is the set of branches containing a fan, H j is the fan pressure in branch j, L pj is element the path matrix L = [L pj ], h j is the pressure loss over the jth branch, p is the path number, and n p is the total number of paths. The path matrix L is an n p × n matrix that describes the branch-to-path incidence and defined by L pj = 1, if path p contains branch j; 0, if path p doesn't contain branch j.
Atkinson Resistance
Unlike ohm's law, the relationship between pressure drop over a branch/pipe and the flow rate through it is not linear. It is derived from the Darcy-Weisbach equation [33] and is given by [26, 27] 
where h is the pressure drop over the pipe, Q is the flow rate through the pipe, and R is known as Atkinson resistance, given by
where ρ is the density of air, l is the length of the pipe, D is the diameter of the pipe, A is the cross-sectional area of the pipe, and µ is the Darcy friction factor, which is dependent on the material of the pipe. This is a theoretical determination of the branch resistances. In practice, however, the resistance of a branch would be found by using data for the flow rate and pressure differences obtained from meters inside the mine, and solving eq. (3) for R. 
Fan Laws and Performance Curves
A particular fan can be characterized by its fan curve, i.e., how much pressure the fan needs to develop to supply a particular flow rate. A simple example of fan curves is shown in Fig. 2 . It can be seen that a fan running at a particular speed has its corresponding fan curve, therefore changing the speed will result in a new curve. It can also be seen that as the speed reduces, a lower head/pressure is required to achieve the same flow rate. This means lower power is needed to supply the fan, since the air power is given as the product of the pressure and the flow rate. Thus less power is consumed at lower running speeds [13] . However, the question arises as to how to characterize the relationship between flow rate and power. This is solved by the Fan Laws, also known as the Affinity Laws.
The Fan Laws are a set of governing equations that define the relationship between the speed of the fan (N), the pressure developed by the fan (H), and the input power to the fan (P). These laws are given as [34] 
In these equations, the variables with subscript 1 are those at the original condition, and the ones with subscript 2 are the resulting variable due to the change in speed. E.g., using the first formula, the new flow rate (Q 2 ) can be found, due to the change in speed, if the initial flow rate (Q 1 ) is known. The same idea can be applied to the other formulae regarding the pressure and power, respectively.
System Curves
The system curve represents the combination of all the aerodynamic resistances in the system, by simplifying the entire network into a single airway with an equivalent resistance, R eq . For instance, in Fig. 1 , the system curve can be found by finding the equivalent resistance seen from the fan's point of view. Ideally, the system curve is characterised by a second order function in the same form as eq. (3). Practically, however, eq. (8) is taken as the general form to cater for offsets and disturbances.
In order to find the total equivalent resistance, some equivalent resistance simplifications are necessary. With the analogy from circuit theory, the following equations are derived.
For pipes in series [35] 
For parallel pipes,
For a delta to wye conversion, with reference to Fig. 3 , the following equations are derived from first principles
Thus, the equivalent resistance as seen from the fan's point of view in Fig. 3 is calculated by
Therefore, the coefficient b 2 in eq. (8) is found by the above calculations to be b 2 = R eq . The other coefficients are considered to be 0 in this study, because an ideal case is assumed.
Fan Operating Point
When analyzing flow rate/pressure/power changes of a fan with respect to speed changes, often the fan/affinity laws are used. However, this is only valid when the fan is being analysed by itself. When considering the fan as part of a network, using only the fan laws will result in incorrect analysis, i.e., there is no guarantee that the fan will operate at the calculated flow rate/pressure. More importantly, a reduction in fan speed will often result in an overestimate of power savings [31] . When formed part of a network, the fan will operate at a steady state condition, which is known as the operating point of the fan. The operating point of the fan is given by the intersection point between a fan curve and system curve.
A simple example of this is shown in Fig. 2 . It can be seen that if the fan is running at 1000 RPM, it will operate at point 1, and if it is running at 250 RPM, it will operate at point 2. This shows that every time the speed changes, there will be a new operating point.
Therefore, it is imperative that the affinity laws are used in conjunction with the system curve, such that the correct operating point is found.
In section 3, three equations are used as part of the objective and constraint functions, i.e.,
, and H k (N k (t) ). These equations express the power, the flow rate, and the pressure as a function of the fan speed, respectively. The fan operating point [H k 
is time varying for VSDs and determines the power consumption of the fan P k (N k (t)).
It is noted that for ease of notation, the subscript k in the functions P k (N k (t)), Q k (N k (t)) and H k (N k (t)) is omitted in the remaining of this section. For each fan k, the same procedure as given here applies. To form the flow-speed function Q(N (t)), the fan curve of the highest speed is required. This curve can be described by a second order polynomial given by the generic form
where H f ull is the pressure developed by the fan at full speed, Q f ull is the flow rate delivered by the fan at full speed; a 2 , a 1 , and a 0 are constant parameters derived from the full speed fan curve. By making use of the fan laws, and replacing eqs. (5) and (6) into eq. (15), the following equation is obtained
where N f ull is the rated full speed. By equating eq. (16) to the system curve equation (8) and solving for Q, a function is obtained for the flow rate only in terms of the normalized speed (N/N f ull ) [36] . By curve fitting, this function can be approximated to a linear function given by [16] 
where c 1 , and c 0 are constant parameters.
Thus, eq. (17) can be used to find the flow rate at the operating point corresponding to any given fan speed N (t).
The pressure-speed function is obtained in a similar method, i.e., the same procedure is followed until eq. (16) is reached. Thereafter, eq. (16) and eq. (8) are each expressed in terms of the flow rate Q. These are then equated to each other, and then the resulting equation is solved for H. This will result in a function for the pressure developed by the fan expressed only in terms of the normalized speed. Again, by curve fitting, this function can be approximated to a second order polynomial given by the generic form [16] 
Lastly, with the fan operating point find by eqs. (17) and (18), the power of the fan at the operating point is obtained by following a similar process to the flow-speed formulation. First, the power curve for the highest speed is expressed as a 3rd order polynomial; into which, eqs. (5) and (7) are replaced to yield the following equation
Thereafter, by replacing eq. (17) into eq. (19), a function is obtained for the power only in terms of the normalized speed. By curve fitting, this function can be approximated to a 3rd order polynomial given by the generic form [16] 
After eq. (20) is obtained, the power of the fan operating at different speeds can be calculated accurately with the fan's operating point accounted for.
Energy Efficiency
To find the optimal fan speeds that result in minimum energy cost, while adhering to the flow rate requirements, a generic mathematical formulation of the optimization model is given in this section.
The objective is to minimize the following discrete cost function
where K is the total number of fans, T is the total number time steps, C(t) is the time of use tariff at time step t, and ∆t is the length of time steps in hours. P k (N ) is a 3rd order polynomial that describes the power of the fan k as a function of its speed N k (t). It is detailed in section 2.4 and given in eq. (20) .
Since the optimization variable is chosen to be the fans' speeds, the flow rates of the branches that contains a fan are defined by flow rates of that fan. This forms the first system constraint, given by
where Q j (t) and Q j k (N f (t)) are the flow rate of branch j and the flow rate of fan k that lie in branch j at time t, respectively. Q j k (N k (t)) is a linear equation that describes the flow rate of a fan k, as a function of its speed N k (t). It is given by eq. (17) in section 2.4.
The second constraint is based on the ventilation load of the mine. This is where the concept of VOD is used, i.e., the demand for airflow rate at each branch, at each time step forms the load to the system. This can be written as
where Q min j (t) and Q max j (t) are the minimum and maximum allowable airflow in branch j at time 
The principles of conservation of energy is expanded from eq. (2) to give
where H j (t) is the fan pressure in branch j at time t. For a specific fan k, this is a second order polynomial that describes the pressure across fan as a function of its speed N k (t) at time t and denoted as H k (N k (t)), which is derived from the fan laws, and is presented in eq. (18) in section 2.4 Thus an optimization model can be completely described by the objective function, given by eq. (21), and the constraints, given by eqs. (22)-(25).
Load Management
To further investigate the potential of peak shaving and cost minimization by implementing LM strategy, the LM problem of the ventilation system is formulated. It is assumed that a schedule consists of N processes that follow each other. Therefore, the main idea of LM is to find an optimal starting point of these processes in view of the TOU tariff.
To do so, the following cost function is minimized
where t s is the starting time of the schedule, and the decision variable; t p(1) , . . . , t p(N ) are the durations (hours) of the processes 1 to N ; P 1 , . . . , P N are the power consumptions (kW) of processes 1 to N , at the specified flow rates, respectively; and C(i) is the electricity cost (R/kWh) at time instant i, according to the TOU tariff; and
5. Case study
Problem description
For demonstration purposes, a case study is presented. The example from Fig. 1 is used, and it is assumed that a schedule is followed over 24 hours with regard to the mining processes. The schedule is shown in chronological order, in Table 1 , i.e., the processes have to follow each other as shown. For this example it is assumed that only branch 7 and 8 are being actively mined, and thus only these branches follow the schedule. Thus, there is no particular requirements for the other branches of the mine. Again, the problem is divided in two parts: energy efficiency and load shifting. For the first case, it is assumed that the schedule shown in Table 1 starts at the beginning of the day, i.e., no consideration is made towards the optimal starting time according to the TOU tariff. For the second case, the optimal starting time of the schedule is found that leads to the minimum cost, and then the optimal fan speeds are found accordingly. For both cases, the optimization period is for one day; 24 hours. For either case, the system curve is needed. It is assumed that the resistance of each branch is known (see Table 2 ). Thus the procedure described in section 2.3 is followed, and it is found that the equivalent resistance seen by the fan is R eq = 0.2122N s 2 /m 8 . Assuming no initial offset, the system curve is described by The data from the fan curves (given in Fig. 4 ) are used to obtain the power-speed, pressurespeed, and flow-speed functions. The data for this fan curve is obtained from an operating mine in South Africa. The power-speed, pressure-speed, and flow-speed functions are given by eqs. (29), (30), (31) respectively.
The incidence matrix and path matrix can be structured according to eqs. (1) and (2). They are not presented here to save space. Tariff(R/kWh) 00:00 -06:00 (off-peak) 0.348 06:00 -07:00 (standard) 0.641 07:00 -10:00 (peak) 2.116 10:00 -18:00 (standard) 0.641 18:00 -20:00 (peak) 2.116 20:00 -22:00 (standard) 0.641 22:00 -24:00 (off-peak) 0.348
Results and discussion
As per the requirements, only branchs 7 and 8 are limited to specific flow rates throughout the day. The flow rates for the rest of the branches are limited between 3m 3 /s and an infinite amount, i.e., the model is allowed to choose any value that will minimize the cost, while maintaining the constraints. The tariff structure shown in Table 3 is used to calculate the energy cost.
Case 1: Energy Efficiency
The problem is a non-linear one, due to the non-linear equality constraint given by eq. (25) . The problem is solved using the f mincon solver in Matlab's optimization toolbox. The schedule from Table 1 is followed, and started at 00:00. A safety margin of 3 m 3 /s is kept, and no upper bounds of the flow rates are considered. Therefore the demand constraints for branches 7 and 8 are given by Q 7&8 (t) ≥ 18.2 for 00 : 00 ≤ t ≤ 08 : 00, Q 7&8 (t) ≥ 13.3 for 08 : 00 ≤ t ≤ 11 : 00, Q 7&8 (t) ≥ 3.00 for 11 : 00 ≤ t ≤ 17 : 00, Q 7&8 (t) ≥ 28.5 for 17 : 00 ≤ t ≤ 24 : 00. (32) The results include flow rates of branches 7 and 8, optimal fan speeds found and power profile of the fan, are presented in Figs. 5, 6, 7, and 8, respectively. It is noted that the solutions obtained might not lead to a global minimum, and therefore they may be referred to as sub-optimal solutions. As can be seen from Figs. 5 and 6, the minimum required flow rates of branches 7 and 8 are achieved over the 24 hour period, and the constraints are all satisfied. It is noted that the optimal flow rates of the branches, as determined by the model, are not less than the minimum requirements. Theoretically, the power of a fan can be reduced if the flow rates of the branches exactly equal to the minimum required values. However, that cannot be always satisfied due to physical limits. In other words, there is no possible solution that can satisfy exactly the minimum requirements for both branch 7 and 8. Fig. 7 shows that the fan speed is varied throughout the day, and this means that the power consumption will vary as well, reflected in Fig. 8 . The non-linear relationship is clearly visible, whereby dropping the speed from 300 rpm to about 225 rpm reduces the power consumption from 125 kW to about 50 kW.
The optimized fan speed results in energy cost of R4 151 per day. Comparing this to a situation where the fan needs to be run at full capacity at all times to supply the maximum flow rate of 28.5 m 3 /s to branches 7 and 8, the cost of energy would be R9 781 per day. This leads to a cost saving of R5 630 per day, which adds up to R2 054 950 cost saving per year (assuming the same cycle throughout the year).
In terms of energy savings, keeping a constant speed leads to daily energy consumption of 11 499 kWh; whereas varying the speed results in the daily consumption to be 4 540 kWh. This leads to daily savings of 6 959 kWh, which translates to savings of 2 540 035 kWh per year.
Case 2: Energy Efficiency and Load Management
For this case, the optimal starting time is first found by solving the model shown in section 4. To solve this problem, the genetic algorithm (GA) solver in Matlab is used, because of the integer constraint on the decision variable. The TOU tariff that is followed is shown in Table 3 1 . Thereafter, the schedule shown in Table 1 is followed and the optimal fan speeds are found.
After minimization of the objective, it is found that the minimum cost over a 24 hour period occurs when the cycle is started at 05:00. It is noted that changing the schedule will result in a change in the working hours for the workers. Since this is a preliminary study, the social effects vs. economic benefits of the change are not considered.
Keeping a safety margin of 3 m 3 /s, the demand constraints are given by The results are presented in Figs. 9, 10, 11, and 12. Again, the minimum required flow rates are achieved for branches 7 and 8. However this time it can be seen that the higher demand has been shifted to the off-peak times, and thus less energy is consumed during peak times, as shown in Fig. 12 . If the optimal speed is followed, the energy cost (according to the TOU tariff) in 24 hours results to R2 464. Compared to case 1, this leads to a further R1 687 saving per day. Thus the annual energy-cost saving, when taking into account energy efficiency and load shifting, is R2 670 705. It must be noted that when compared to case 1, the energy savings in this case stays the same, i.e., 2 540 035 kWh per year. This is because the load is just shifted according to the TOU tariff, and the total demand still remains the same.
Conclusion
Different activities in a mine throughout the day lead to varying airflow requirements for the ventilation system. In view of this, ventilation on demand (VOD), which supplies the ventilation air quantity as it is required by at a specific location and time of the mine, is introduced. To realise VOD, fan speeds in the ventilation network must be adjusted accordingly to save energy and cost. An optimization model is built in this study to determine the optimal fan speeds that lead to minimum energy cost. Energy efficiency and load management strategies are investigated. It has been shown in a case study that a combination of energy efficiency and load shifting can lead to an annual energy saving of 2 540 035 kWh and an annual cost saving of R2 670 705. It must be noted that the 74.8% cost saving and 60.5% energy saving may seem impressive, but this is only an indication of the maximum possible savings that can be achieved for this particular case. Various factors can affect this figure, such as the resistances of the branches, the characteristics of the fan, the TOU tariff, and the requirements of the flow rates. Thus, it has been shown that there is significant opportunity for energy and energy-cost savings in an underground mine ventilation network, and this paper provides a foundation for further research which will consider factors such as multiple fans, leakages, and efficiencies of the drives/motors etc.
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